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Qv I We discuss time-dependent perturbations (induced by matter fields) of a black-hole 

background in tree-level two-dimensional string theory. We analyse the linearized case 

and show the possibility of having black-hole solutions with time-dependent horizons. The 

Qh. latter exist only in the presence of time-dependent 'tachyon' matter fields, which constitute 

r~| ! the only propagating degrees of freedom in two-dimensional string theory. For real tachyon 

field configurations it is not possible to obtain solutions with horizons shrinking to a point. 

l^ • On the other hand, such a possibility seems to be realized in the case of string black-hole 

'j_j ■ models formulated on higher world-sheet genera. We connect this latter result with black 

^ hole evaporation/decay at a quantum level. 
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Recently much attention has been concentrated on black-hole background config- 
urations of two-dimensional string theory after Witten's observation |jl]] that such 
models can be represented as exactly solvable (finite) Wess-Zumino conformal field 
theories. It was also suggested 0, |^ that such theories will be consistent with quan- 
tum mechanics even during the process of black- hole evaporation Q. The reason 
for this is the existence of a particular type of infinite-dimensional quantum hair, 
the so-called 'W-hair', carried by the black holes as a result of an enormous stringy 
gauge symmetry that mixes the various string levels Q. Due to these symmetries, the 
two-dimensional phase space of the matter tachyon fields is preserved under time 
evolution, provided that one takes into account the discrete massive string states. 
As a result the modifications to the usual quantum mechanical evolution equa- 
tions for the density matrix of the matter system interacting with the black hole are 
viewed as artefacts of the truncation of the string spectrum to the massless modes 
only [Q. For instance, it has been shown in |^ that the exactly marginal operator 
that turns on static (massless) tachyon backgrounds in the coset black-hole model of 
[H], necessarily involves the entire spectrum of massive string modes. This makes the 
system of the light modes of the string in the presence of black-hole backgrounds 
'open', thereby leading to apparent modifications of quantum mechanics for the 
massless string states [H] in a string field theory framework. 



As argued in [|T0[ the stringy black holes can 'evaporate', but unlike the local field 
theory case [Q their evaporation is non-thermal, resembling an ordinary decay of 
a massive string state. There are various decay channels and selection rules that 
characterize the decay process, which involve higher excited string (discrete) states, 
in addition to the massless tachyon fields. Their precise form is not yet fully known. 



although significant advances have been made in this direction |11, 12 . 



Motivated by these results, we would like to examine in some detail, in the 
present letter, time-dependent perturbations of static black-hole solutions of two- 
dimensional (target) space-time string theory. We should remark that to our knowl- 
edge time-dependent perturbations of local field theory black holes induced by scalar 
fields have been studied, so far, explicitly only in the context of five- dimensional 
Kaluza-Klein theories, where the scalar field is associated with the component of 



the metric pertaining to the extra-dimension |13|. In a similar context it has also 



been argued [|T4| that 0{d, (i)-transformations of static two-dimensional string black- 
hole backgrounds could absorb the singularity, at the cost of introducing an extra 
target-space dimension. Our approach here will be different in that we shall examine 
time-dependent perturbations of two-dimensional string black holes by avoiding the 
introduction of extra dimensions. We shall show that there are solutions, at least 
in the linearized approximation, describing time-varying horizons, but only in the 



^In the case of two-dimensional target space the only propagating string degrees of freedom 
are the massless 'tachyon' fields. The higher-spin string states are non-propagating with definite 
energies and momenta [pi pi; nevertheless, these (quasi-topological) modes play an important role 
in the physics 0, 0] . 



presence of time-dependent configurations for the tachyon fields. However it seems 
that for real matter-field configurations it is not possible to obtain solutions with 
horizons shrinking down to a point, a possibility that seems to be realized in the case 
of complex matter fields. As we shall discuss, this latter result might be connected 
with the decay of the black hole induced by higher genera |T^. As is well-known 
in string theory, higher genus effects can be effectively represented as additional 



renormalization counterterms of the tree- level a-model couplings |]15[. The effect of 
higher genera is to add extra marginal operators which do not exist in the tree-level 
(j-model background theory. Slightly relevant deformations lead to imaginary parts 
in the effective target-space action, as a result of the circulation of these modes along 
the string loops. 

We start our discussion from the low-energy effective action with dilaton, tachyon 
and graviton fields for a two-dimensional string theory. For simplicity we restrict 
ourselves to one (cr-model) loop order, which from an effective field theory point of 
view corresponds to a large-fc Wess-Zumino model, with k the level parameter [|^. In 
this truncated theory conformal invariance conditions should always be understood 
as approximate solutions where corrections of the order of the Planck mass are 
suppressed. The action takes the form 

I^jf = ^l d^xVGe'^iR + (9$)2 + {dry - 8T2 + A} (1) 

where G^i, is a (Euclidean signature) metric in a two-dimensional target space-time, 
g is the gravitational coupling and A is a cosmological constant arising from the 
non-criticality of the dimension of the string space-time [|16| . The usual ambiguities 



of the tachyon potential in string theory |T^ have been fixed here to quadratic 



configurations for the tachyon field. The equations of motion obtained from (|I]) are, 

= -2D'^^~{d^)^ + R + A-8T^ + {dTy 

= D^T + (d^.^d^'T) + 8T. (2) 

In the absence of matter, T = 0, the first of these equations imposes the solution |l|] 
$ = Inch^Qr and the invariant line element acquires the form ds"^ = dr"^ +tgh'^Qrdt^ , 
where Q^ = A. The existence of such a solution is guaranteed by the fact that when 
T = the vector 9^$ is hypersurface- orthogonal and geodesic, according to a theorem 
of general relativity |18|. Changing variables ||19[, Inch'^Qr = 2Qp — Ina, leads to 
the gauge $ = 2Qp — Ina {a is an arbitrary constant), in which the line element 
acquires the form 

where a plays the role of the mass of the black hole ||l|, |19[. It is interesting to 
note that in the limiting case a — »• 0, one discovers the Q-graviton discrete state of 



Polyakov 0. The excitation of this, as well as higher-spin topological string states, 
might thus be interpreted as a general feature of the last stage of the black-hole 
evaporation 0, and has important consequences for the existence of the ly-hair of 
the black hole, and the consistency with quantum mechanics [^. 

To incorporate time dependence in these solutions, in the presence of non-trivial 
matter, T 7^ 0, it is convenient to write them in the form, following PD[ : 



' H-^v 



' - \g,uD'^ 


= d,Td,T-h3,,T{dTf 


R 



= DH-{dTf 

= D^T + (d^^d^'T) + 8T. 



(4) 

From the five independent equations (^) we may relax one, since we are effectively 
working with conformal invariance conditions of cr-models and hence the Curci- 
Paffuti relation [^ applies 

^D^P" = {D^ + D^'^)P% + \{D,T)f. (5) 

Below we choose to relax the second of the equations (11). Using the hypersurface 



orthogonality property of the gradient vector (9j,$ [0, we are free to choose the 
gauge 

$ = Qp 

ds^ = ——dp^ + A{p,t)g{p,t)dt\ (6) 

where g,A > outside the (outer) horizon, and A is a regular function of p,t. 
Using the notation dt for a time derivative and ' for a spatial-one, we can write the 
equations @ in component form 

9 Q 



g^[g-m 



A Q"- ' Ag^ Q 

g A' 8T^ 



2 A Q 



^5tr-|^r' = gT" + ig' + gQ)T' + 8T + 1-d^T - j-^d,T. (7) 

It is readily checked that the above system of four equations with three unknowns is 
compatible. Following the standard iterative method to solve this non-linear system. 



we introduce a small parameter e, which serves as a book-keeping parameter of the 
order of hnearity. We rewrite the system of equations (|^ as 

9 Q 

g'+{g-l)Q = Ut''^ ^ ' 



Q' ' QgA Q 

and look for solutions for g and A of the form g = go + ^gi + ..., A = Ao + eAi + ... In 
the static case, the system of equations (||) is satisfied with the choice go = Aq = 1 
and To = (/ii + /i2p)e~2*3^. This corresponds to the solution of |^, and it is 
compatible with the result for the configurations of the tachyon field expected on 
general grounds from Liouville theory [^, where /ii might be identified with the 
Liouville (world-sheet) cosmological constant. 

The non-static case can be dealt with iteratively. As an initial step we choose 

90 = I , Ao = fity (9) 

with To satisfying the linear equation 

T^' + QT;, + 8To + jdti^) = 0. (10) 

In this and the following expressions we only consider the time-dependent part of 
the matter (tachyon) fields, because we are only interested in the effects of time- 
dependent perturbations on the black-hole background. 

To first order in e the equations for Ai,gi become: 

dtg, = '^dtToU 
/ , ^ 1 T^/ 1 {dtToY 8 2 /I IN 

A = ^i-finr+idtnr). 

Making use of the transformation gi = e~^^ui we can write the equations for gi in 
the form 

dtu, = ^e^^^a^ToT^ 
< = -QiU'-i^f-^n). (12) 



Setting X = lo fij)dT and Tq = e '^Tq, we observe that Tq is harmonic in (p, x)- 
space, 

{d,, + d^^)% = 0. (13) 

The general solution is Tq = ReF{z), where F{z) is an arbitrary analytic function of 
z = p + ix(t)- It is not difficult to see, then, that the general solution for g{p, x{t)) 
takes the form 



9iP,x) = l + ^ee-^^{ 2 p d\[{d^%){d,f,) -^{d^%f\\,=o,^=^ + 



Q Jxo 



+ rd\[{dM-{dAf-^{d,Tof]l=,}. (14) 

The general solution for A{p,t) is given by 

A{p,t) = fitni + e re-«^[(9,fo)2 - (9,fo - ^fo)X=,d\} + hit). (15) 

where /(t) > 0, h{t) are functions (otherwise arbitrary) that guarantee the regularity 
of A{p,t). Without loss of generality we set /(t) = 1 for simplicity. 

We can now arrive at some general conclusions regarding the solutions. We assume 
a polynomial form for the tachyon, which is compatible with a weak-field expansion: 
F{z) = ao + aiz + ...anz"", with a^, i = 1,2, ...n real. In case one is interested only 
in the time-dependent parts of the tachyon, as most relevant for the question on the 
evaporation addressed in this work, one can drop the static part |^ and hence set 
ao = en = 0. 

When n = 2m + 1, m = positive integer, we observe that 

gip,xit)) = l + e-Q^(c + «Lxn— Q— ^-^ + [ ^ Q ^ ^'- 



(2m + 1 



\2 



(2m + l)«:]p - '"■■- ^' k'p'} + 0[x'^-^]), (16) 

with K = a2m+l/a2m- 

The appearance of the negative coefficient of the p^ term always implies the 
existence of an event horizon which is slightly expanding with increasing time (see 
fig. la). 



The existence of non-vanishing horizons also characterizes the even order (n = 
2m) polynomial solutions. This becomes clear already from the boundary value 

9iO,xit)), 

giO, x{t)) = 1 + c - ^aLx(t)''" + 0[x^™~2]. (17) 

The difference in this case, as compared with the previous one, is that the horizon in- 
creases considerably with increasing time (see fig. lb). This class of solutions might 
be considered as corresponding to absorption by the black hole of time-dependent 
matter; in view of energy conservation of the matter-black-hole system, such a pro- 
cess will increase the mass of the black hole and consequently its horizon. In principle 
the increase is unbounded. However, from a conformal field theory point of view, 
the scattering of light particles off a static black-hole background [^, |ll[ leads to 
excitations of discrete (higher-spin) states that constitute the internal degrees of 
freedom of the black hole. The latter then decay, emitting light particles whose 
number is restricted by appropriate selection rules |jll| . An important feature is the 



irreversibility of the decay process that seems to characterize the stringy black holes 
^ . In view of these results, solutions with horizons expanding to spatial infinity 
should be considered as not representing an exact conformal field theory. Probably 
when the rest of the backgrounds, corresponding to the topological modes of the 
string, are taken into account, the phenomenon of the uncontrollable increase in the 
horizon disappears. 

We expect the above conclusions, concerning the existence of event horizons non- 
shrinkable to a point, to hold for any solution of (jl^) for the tachyon field. A simple 
argument for this is based on the fact that one is mainly interested in the behaviour 
of the solution at finite time and space intervals, and we know that any analytic 
function in the region 0<p<L, 0<x^^5 with T >> 0, can be resolved in 
orthogonal polynomials whose highest power coefficient is real. 

It should be noticed at this stage that a similar behaviour of non-shrinking hori- 
zons characterizes the second-order (in e) solutions of the non-linear system (|^), as 
becomes clear from the relevant expressions for the metric field. For the case of 
{2m + l)-degree polynomials, the second-order analysis yields for the metric at the 
origin p = 

,,(0, X) = e'a\'-il + \\ + Ix' - ^A^ - ^A^), (18) 

with A = nn/Q, and n denotes the degree of the solution. 

The situation is slightly different for the even-degree polynomials n = 2m, where 
the second-order correction in the leading-x behaviour becomes positive: 

g^ip, x) = l + e-«1c - '-a^""^ + ^e'a^'^e-'^^ + ...]. (19) 

However, as becomes clear from fig. 3, this still leads to non-shrinking horizons for 
the black-hole solution. 



The above considerations are indicative of some sort of general behaviour that 
characterizes tree-level stringy black holes, which appear as stable solutions of the 
conformal invariance conditions (in the approximation where the Regge slope a' — >■ 
0). Higher-genus corrections on the world-sheet, however, can change the situation 
drastically, as we shall discuss shortly below. 

At the moment, some comments are in order concerning the perturbative nature 
of the polynomial configurations for the matter fields. The solutions (p!6D-(p!9|) have 
been obtained for e small. This, however, does not prevent one from analysing the 
behaviour at large times, provided that ea^x^™ ^ l? &^d thus justifying restriction 
to the highest relevant powers. It should be remarked at this stage that even in 
the region eax^*" > 1; where perturbative calculations break down, the form of the 
solutions, at least up to second order in e, remains the same, as can be seen by simple 
inspection of the relevant equations. However this is only a formal observation, and 
in order to extrapolate the results for x -^ oo safely, one needs non-perturbative 
information. 

The above solutions have been obtained in Euclidean formalism, but can be ana- 
lytically continued to Minkowski space-times. This does not affect our conclusions, 
given that the time dependence of the relevant terms appears through powers of 
X that are multiples of 4. It should be noticed, though, that at the level of the 
Wess-Zumino representation of the two-dimensional (static) black-hole solution the 
spectrum of the Euclidean black hole is not the same as that of the Minkowskian 
one ^B[ . Despite this, there are certain features of the Euclidean formalism, as for 



example the formal character of selection rules in black- hole decay |Tl|, that can 
be transcribed to the Minkowski (physical) case by simple analytic continuation. 
It is in this sense that we apply this method here. From a conformal field theory 
point of view, we are implicitly working with Minkowski space coset models (and 
their deformations to include matter fields), and analytically continue to Euclidean 
signature only at the level of the effective action for computational easiness. 

The above considerations have indicated that there exist no time-dependent so- 
lutions with horizons shrinking to a point in the case of two-dimensional stringy 
black holes formulated at a tree- level on the world sheet. In fact, it becomes evident 
from (|T6|) that it is not possible to obtain a shrinking horizon with a real tachyon 
field, at least within a perturbative framework. On the other hand, such a possibil- 
ity may arise in the case of complex tachyon fields. The latter may be considered 
as an effective description of higher-genus world-sheet effects. Indeed, as shown in 
r^ as a result of the regularization of modular infinities by analytic continuation. 



the one-string-loop (torus) analysis shows the appearance of a phase in front of the 
Einstein-dilaton terms in the effective action (P, but not in front of the matter 
(tachyon) sector. In order to keep the space-time geometry real, this would lead, 
at least naively, to an effectively complex tachyon field, which would invalidate the 



analysis leading to (0). In this way one could obtain black- hole solutions with hori- 
zons shrinkable to a point, thereby allowing for a possibility of 'evaporation'/decay 
along the lines of ref. |T^. However a rigorous proof still awaits a consistent genus 



expansion of string theory in a closed form. For the two-dimensional (target) space- 
time case, this could be achieved in a matrix-model representation of the stringy 
black hole. From this point of view, the situation would be described by induced 
time-dependent deformations in the light sector of string theory. 

The evaporating black-hole solutions in string theory would be characterized by 
the coherence-preserving target space lyoo-symmetries (W-hair) which are responsi- 
ble for a mixing of the string mass levels [§, §, |lll] . The size of the black-hole could 
be macroscopic or microscopic. Microscopic (virtual) black holes have been argued 
[|] to appear in fluctuations of the metric field in a quantum gravity framework. In 
string field theory, such virtual black holes would lead to the apparent modifications 
of the light string mode quantum mechanics as a result of the level-mixing Woo- 
symmetries p. Although at present we have not constructed explicitly such exact 
string configurations, however, we expect them to exist on the basis of the above 
discussion and quite general arguments [|r^. We leave these considerations, as well 
as attempts to solve exactly the systems of coupled equations discussed above, for 
future work. 
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Figure Captions 

Fig. 1. The behaviour of the metric tensor as a function of p and x to order e in 
the case of : (a) odd-degree polynomial solutions, and (b) even-degree polynomial 
solutions. Clearly one sees the existence of black-hole horizons non-shrinkable to a 
point. 



Fig. 2. The behaviour of the metric tensor as a function of p and x to order e^ in 
the case of : (a) odd-degree polynomial solutions, and (b) even-degree polynomial 
solutions. The existence of horizons non-shrinkable to a point also characterizes the 
solutions to this order. 



